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It is well known that, for a wide class of spacetimes with horizons, Einstein equations near the 
horizon can be written as a thermodynamic identity. It is also known that the Einstein tensor 
acquires a highly symmetric form near static, as well as stationary, horizons. We show that, for 
generic static spacetimes, this highly symmetric form of the Einstein tensor leads quite naturally and 
generically to the interpretation of the near-horizon field equations as a thermodynamic identity. 
We further extend this result to generic static spacetimes in Lanczos-Lovelock gravity, and show 
that the near-horizon field equations again represent a thermodynamic identity in all these models. 
These results confirm the conjecture that this thermodynamic perspective of gravity extends far 
beyond Einstein's theory. 

PACS numbers: 04.62.-|-v,04.60.-m 



I. INTRODUCTION 

It is a well established fact that Einstein field equa- 
tions, near a horizon, can be written as a thermody- 
namic identity [1, 2]; moreover, the result also extends to 
spherically symmetric horizons in Lanczos-Lovelock (LL) 
gravity [3] . This fact lends support to the point of view 
that gravity is a long wavelength, emergent phenomenon, 
and gravitational dynamics, at the macroscopic level, is 
therefore governed by relations which bear resemblance 
to the equations of thermodynamics [4, 5]. Since we do 
have operationally well defined notions such as entropy 
and temperature associated with a wide class of horizons 
in general relativity, it is natural to expect that the near 
horizon behaviour of the field equations of gravity might 
actually be a statement of local thermodynamic equilib- 
rium. 

Earlier demonstrations of the thermodynamic struc- 
ture of gravitational field equations have involved certain 
assumptions like, for example, that of spherically symme- 
try, which is somewhat restrictive. The main aim of this 
paper is to provide a general proof, based on the near- 
horizon symmetries of the LL field equations, that near 
any static horizon, the field equations can be written as 
TdS — dE = P±dV, where the variations correspond to 
normal displacement of the horizon. 

The paper is structured as follows: In the next section, 
we review the case of spherically symmetric spacetimes 
in Einstein gravity to stress the essential ideas involved. 
In section III A, we define the coordinate system which 
is suitable to describe the general static spacetime, and 
also specify its properties and role in subsequent devel- 
opments. In section IIIB, we use the near-horizon sym- 
metries of the Einstein tensor to show that the relevant 
field equations represent a thermodynamic identity; the 



result in section II is then easily seen to be a special case 
of this more general result. In section IV, we extend 
the analysis of section III B to LL lagrangians, and prove 
that, even in this case, the near horizon symmetries lead 
to a thermodynamic interpretation of the field equations. 
The key equation in this section is Eq. (31), which gives 
the near horizon structure of the LL tensor. Finally, in 
sections V and VI, we comment on certain relevant issues 
related to the physical interpretation of the result, and 
suggest a couple of possible generalizations. 

The metric signature is (— , . . . , -I-), and all the 
fundamental constants such as G, h and c have been set 
to unity (except when specified otherwise, in section II). 
Latin indices run from 0-3, whereas Greek indices run 
from 1-3; also, the capitalized Latin indices stand for 
the transverse coordinates. To simplify notation, we fre- 
quently use dS to denote the volume element of the trans- 
verse {D — 2)-surface; that is, dE = d^~'^y ^fa where a 
is the determinant of the metric in the space spanned by 
the [D — 2) transverse coordinates y^. 



II. SPHERICALLY SYMMETRIC SPACETIMES: 
REVISITED 

Consider a static, spherically symmetric spacetime 
with a horizon, described by the metric: 



= -fir^dt^ 
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fir. 



■dr^ + r^dn\ 



(1) 
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We assume that this spacetime has a horizon at r = a, de- 
termined by /(a) = (we assume that /(r) only has sim- 
ple zeroes), and the surface gravity n = f'{a)/2 is finite 
there. Periodicity in Euclidean time allows us to asso- 
ciate a temperature with the horizon as fc^T = hcK/2n = 
hcf'{a)/4:Tr. (Even for spacetimes with multiple horizons, 
this prescription is locally valid for each horizon surface.) 
The only non-trivial Einstein equation for this metric is 
rf'ir) - (1 - /) = (87rG/c4)Pr2 (where P is the radial 
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pressure); when evaluated at r = a, this equation gives 



c 
G 



(2) 



Multiplying Eq. (2) by da, and introducing a h factor by 
hand into an otherwise classical equation, we can rewrite 
it as 
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and read off the expressions: 
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where Ah is the horizon area and Lp = Ghjc" . Thus, 
we see that, Einstein equations can be written simply as 
a thermodynamic identity. 

Before proceeding further, wc will make couple of com- 
ments regarding this result, which are relevant and shall 
remain valid for our generalization discussed in the rest 
of the paper: First, the combination TdS is completely 
classical, and is independent of h; however, T cc h and 
S oc 1/h. This is analogous to the situation in classi- 
cal thermodynamics when compared to statistical me- 
chanics. The TdS in thermodynamics is independent of 
the Boltzmann's constant while statistical mechanics will 
lead to an S" oc fcs and T oc l/ks- But since Euclidean 
periodicity allows us to determine T independently, we 
can immediately read-off S. 

Second, in spite of the superficial similarity, Eq. (3) 
is different from the conventional first law of black 
hole thermodynamics, due to the presence of the PdV 
term. This relation is more in tune with the membrane 
paradigm [6] for black holes. The difference is easily seen, 
for example, in the case of Reissner-Nordstrom black hole 
for which P ^ 0. If a chargeless particle of mass dM 
is dropped into a Reissner-Nordstrom blackhole, then 
an elementary calculation shows that the energy, de- 
fined above as E = a/2, changes by dE = (da/2) = 
(1/2) [a/(a - M)]dM ^ dM while it is dE + PdV which 
is precisely equal to dM, making sure TdS = dM. So we 
need the PdV term to get TdS = dM when a chargeless 
particle is dropped into a Reissner-Nordstrom blackhole. 
More generally, if da arises due to changes dM and dQ, it 
is easy to show that Eq. (3) gives TdS' = dM - {Q/a)dQ 
where the second term arises from the electrostatic con- 
tribution from the horizon surface charge as expected in 
the membrane paradigm. 

Our aim in the rest of the paper is to provide a general 
proof of this relation between gravitational field equa- 
tions and horizon thermodynamics. We show that the 
thermodynamic structure arises essentially because of the 
near-horizon symmetries of the gravitational field equa- 
tions for general static spacetimes in not only Einstein 
gravity, but even in Lanczos- Lovelock theory. As we shall 



see, the generalization involves attaching specific mean- 
ing to the variations in the first law, and would lead to 
the above result (obtained for the spherically symmet- 
ric case) as a special case. In order to set the stage for 
the subsequent analysis, we now rewrite the above result 
for the spherically symmetric case in a slightly different 
manner. 

As mentioned above, for the spacetimes described by 
metric (1), we have 



Gt /^r 



rf - (1 - /) 



We can rewrite the above expression using (i) the trans- 
verse metric, dS — \fad?y = r-^ smdd9d<l), (ii) the Ric- 
ciscalar, _R|| = 2/r^ calculated from the transverse metric 
a, and (iii) the field equations to set G^ = 8ttT^. Note 



that, since R^t = (1 — /)/r^, we have, near the horizon, 



^AB + 0{r — a) (where we would like to remind 



of our notation in which capitalized Latin indices stand 
for the {D — 2) transverse coordinates). The Einstein 
equation on the horizon is therefore expressible in the 
form 
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Further, since 



we have. 
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Upon multiplying the above expression by 5r d0d(/), and 
integrating over the horizon 2-surface, we immediately 
obtain 
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This is the relation we wanted to establish; as we shall 
see, Eq. (7) turns out to be quite general, and holds in 
arbitrary static spacetimes (in four dimensions) with the 
replacement of r with the affine parameter along the out- 
going null geodesies [see Eq. (19)]. 

Of course, the on-horizon limit in the first term is to 
be taken after evaluating the derivative with respect to 
r. Formally, we can define a function 5 of r as 



Sir) 



the integral being over a r =constant surface. The deriva- 
tive of this function at r = a is well defined and finite. 
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while the value of the function itself at r = a is the 
Bckenstein-Hawking entropy of the black hole. 

For the spherically symmetric case we arc dealing with, 
the angular integrations are trivial. In fact, the integral 
in the second term on the LHS of Eq. (7) gives unity! In 
general, this integral is one-half the Euler characteristic 
X of the horizon 2-surface. When the horizon is a two- 
sphere, X = 2, and the integral is unity. 

III. EINSTEIN EQUATIONS AS A 
THERMODYNAMIC IDENTITY 

A. Background 

We shall now set up the coordinate system best 
suited for the discussion of the general static spacetime, 

and identify the affine parameter for the outgoing null 
geodesies near the horizon. We begin with the metric [7] 

ds^ = -N^dt^ + dn^ + aAsdy^y^ (8) 

where aAsin-y^) is the transverse metric, and the 
Killing horizon, generated by the timelike Killing vector 
field ^ = dt,is approached as A''^ — > 0. Near the horizon, 
N ^ Kn + O(n^) where k is the surface gravity. The 
t = constant part of the metric is written by employing 
Gaussian normal coordinates for the spatial part of the 
metric spanned by (n, y^) , n being the normal distance 
to the horizon. To determine the null geodesies for this 
spacetime, we rewrite the above metric as 

ds^ = _Ar2 (dt - AT-Mn) (di + N-'^dn) + aAsdy^dy^ 

(9) 

The y^ = const, null geodesies are then given by 

u = t— J N~^dn = constant 

V = t + J N~^dn = constant (10) 

The tangent vector of outgoing and ingoing null geodesies 
are then 

I = -Vm= 

k = -Vv = {-1,-N-^) (11) 

As is easy to check, these vectors satisfy the geodesic 
equation in afRnely parametrized form, that is; Vj/ = 
= Vfefe. The afRne parameter A, defined by 

Z • VA = 1 (12) 

can be found by noting that, near the horizon, N nn. 
Using this, we find that, 

A ~ Ai/ + i K (13) 



where A = A^ is the location of the horizon. [For fc, the 
affine parameter would be \h — (l/2)Kn^.] Note that, 
N'^l — ^ $\m which implies, 2k{\ — \h)1 Cl-f/- In 
subsequent analysis, the differentials of various geometric 
quantities (such as entropy) defined on the horizon, which 
are directly involved in the statement of the first law of 
thermodynamics, are to be interpreted as variations with 
respect to the affine parameter along the outgoing imll 
geodesies, i.e., A. This, of course, is the most natural 
variation that can be chosen on a null surface. 



B. Near-horizon behaviour of Einstein tensor 

We will now use the near horizon symmetries of the 
Einstein tensor to prove that the field equations near the 
horizon have a thermodynamic interpretation. We begin 
with the following expression for the on-horizon structure 
of the Einstein tensor (which is derived in [7] ; for the sake 
of completeness, we give a proof in Appendix A): 

Gi\H=Gl\H = \iA<'2]-\R\\ (14) 

where JSy is the Ricci scalar of the on-horizon transverse 
metric, [cTi/J^g, and cr2 is defined by 

CTAB = [crH{y)]AB + \['^'^{y)]ABn^ + 

= [c^H{y; >^h)]ab + [<^2(2/; ^h)\ab - ^h) 
+0{{\ - Xuf'^) 

(15) 

where the second expression makes it clear that the on- 
horizon transverse metric will — in general — depend on 
the parameter Xh- (In spherical symmetry, this is in fact 
the only dependence of the on-horizon transverse metric 
on parameters such as mass, charge etc.; however, this 
will not be true in general, as in the case of Kerr space- 
time where there is an additional, explicit dependence on 
the rotation parameter.) The absence of a term linear in 
n in the above expansion follows from the requirement 
that the curvature invariants be finite on the horizon [7] . 
The Einstein tensor components given above are evalu- 
ated in an orthonormal tetrad appropriate for a timclike 
observer moving along the orbit of the Killing vector field 
generating the Killing horizon. This is denoted by a hat 

— 1/2 

on the indices; for example, ^ = {—gtt) dt etc., and 

— gI = = G(^,^). Also, the trace operation, tr, is 

performed using the transverse metric uab, but can as 
well be performed using [cffj^s in the n — > limit. The 

validity of expression (14), with the given Taylor series 
expansions for N{n,y^) and crAB{n,y^), can be easily 
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checked using a symbolic package such as MAPLE. ^ 
We wiU express g1 in terms of the variation of the 

transverse area with respect to the aSine parameter. To 
do this, consider the variation of the transverse area in 
the normal direction, with respect to the afBne parameter 
A, 

d 



— y/atr:[a2] SX 



(16) 



Therefore, we obtain, on multiplying Eq. (14) by 5X, 

gI 6X = G^6X = k - Ir» SX (17) 

Re-arranging this expression, we get 



— G|v^5A 



= TSy/^SX 



(18) 



where we have used H in the second line and 

Einstein equation in the third line. Upon multiplying the 
above expression by d^y, and integrating over the horizon 
2-surface, we immediately obtain 



d 

T — 
dX 





SX - 


[L 




H 





= I P±V^d^ySX 
Jh 



SX 

Y 

(19) 



where we have identified T = k/2'k as the horizon tem- 
perature, and used the interpretation of TZ as normal 
pressure, Pj_, on the horizon. We can therefore interpret 



'•= I P±V^ 

Jh 



(20) 



as the the average normal force over the horizon "surface" 
(in the spirit of membrane paradigm) and F SX as the 



^ While using MAPLE, it is easier to verify Eq. (14) by first asking 
MAPLE to evaluate R|| for a general 2-D metric, add it to the 
components of the on-horizon Einstein tensor, and then take the 
limit n ^ 0; although all the intermediate expressions appear 
awful, the remainder is easily seen to be tr [172] /2. 



virtual work done in displacing the horizon by an affinc 
distance SX. The above equation can now be written as 



where 



TSxS -5xE = F SX 



S=\j V^d\ 



(21) 



(22) 



is (a priori) just a function of A; in particular, the deriva- 
tive of S with respect to A is well-defined and finite on 

the horizon. Wc only need the expression for S very close 
to the horizon. The value of S* at A = Xh, 



S{X = Xh) = \ [ sf^d^y 



(23) 



is equal to the Bekcnstcin-Hawking entropy of the hori- 
zon. (We do not attribute any physical significance to 
the value of S away from the horizon.) We have also 
identified the energy E associated with the horizon as 



E 



(24) 



where x is the Euler characteristic of a 2-dimensional 

compact ^ manifold A^2 [which in this case would be the 
horizon 2-surface], given by 



X{M2) = ^[ i?d[vol] 

Jm2 



(25) 



Some comments are in order regarding the expression for 
E: First, we have set the arbitrary integration constant 
in Eq. (24) to zero. With this choice, we have chosen the 
affine parameter such that S — > as A^ 0; that is, if 
one considers a class of static spacctimes parametrized by 
Xh, then our choice implies that E vanishes when Xh = 
(In the simple context of Schwarschild metric, for exam- 
ple, wc have Xh = 2M and this condition says that the 
energy vanishes when M = 0). In general, any non- trivial 
solution of the field equations with a horizon will depend 
on several parameters, say {a^} (for e.g., the mass M and 
charge Q in case of the Reissner-Nordstrom solution). 
The parameter Xh which fixes the horizon location will 
be a function of these parameters, i.e., Xh = Aij({aj}. 
Our choice for E is therefore equivalent to demanding 
that Xh{{0}) = so that E goes to zero when there is 
no horizon. This fixes the choice of the additive constant 
in the affine parameter which we mentioned before. 

Second point, which is more important, is that our 
particular identification of E is fixed by the choice of the 
affine parameter along the outgoing null geodesies (see 
Eqs. (11)). In particular, this brings out the significance 
of the radial coordinate r in spherically symmetric and 



^ If the manifold has a boundary, then the expression for Euler 
characteristic will have additional boundary terms. 
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stationary spacetimcs; in cither case, r is the affine pa- 
rameter along the outgoing nuU geodesies. 

As is evident, these comments wih also apply to the 
LL case discusscxl in the next section. To clarify these 
points further, let us consider the spherically symmetric 
case with a compact horizon, where A = r, and x = 2. 
We obtain E = rn/^, Vh being the horizon radius, which 
matches with the standard expression for quasilocal en- 
ergy for such spacetimcs obtained previously. In general, 
for a compact, simply connected horizon 2-surface, x = 2 
(since any such manifold is homeomorphic to a 2-sphere), 
and we have, E = A^f/2. Therefore, for spherically sym- 
metric black holes, since P± = Pr is independent of the 
transverse coordinates {9, (j)) , we obtain 



TSS -5E = Pr5V 



(26) 



where, now, 5S = 2'KrHSrH, SE = SrH/^, Pr = 
T^(r)|r=rjj) SV = Airr'jj Str and T is the standard 
Hawking temperature. We therefore recover the result 
mentioned in section II. As we shall see, exactly similar 
structure emerges for the near-horizon field equations of 
LL gravity as well. 



IV. GENERALIZATION TO 
LANCZOS-LOVELOCK GRAVITY 

We now turn attention to the more general case of LL 
lagrangians, and show that the near horizon structure of 
the field equations represent a thermodynamic identity 
even in this case. 

The m*^ order LL lagrangian in D— dimensions is given 
by (we will use the notations of [3] throughout this sec- 
tion) 



■R 



ambrr 



(27) 



A general LL action is given by linear combination of 
Cm^ for different m's, with arbitrary constant coeffi- 
cients, say Cm's. The equations of motion are given by 



It is possible to analyze the near horizon symmetries 
of the equations of motion using the Taylor series for 
N{n,y^) and aAB{n,y^) (which depend only on the 
finiteness of the curvature invariants as n — > 0); see Ap- 
pendix C for a brief discussion on this. We begin with 
the t — t component of the field equations, and, following 
an analysis similar to the one leading to Eq. (30) of [3], 
we arrive at, 



where 



E = 



1 m 
167r2™ 



1 



1 ^CAcB ^ riD 



0{n) 
(29) 



cB _ <-BAi...B„_i (D-2) nCiDx (D-2) pCm-i-Dm-i 

A — "ACi...Dm-i ^AiBi'" 

(30) 

In Appendix C, we show that i?| = E^ on the horizon. 
Therefore, we have 

(31) 

which generalizes Eq. (14) to general LL lagrangians. We 
now again use the Taylor series expansion (15), and the 
afEne parameter A, to obtain 



SxCTAB 



sx 



+ 0[{X-Xh)'^^ SX] (32) 



Using this, we obtain 



« ^8 2™-! 



- £(^-2)v^<5A + 0[(A-Ai/)i/2 a] 

(33) 

where we have introduced the Hawking temperature, T, 
in the last expression. We can now show that the factor 
multiplying T is directly related to the variation of the 
following quantity, the variation being evaluated at A = 
Ah: 



where 



e: 



E 



rpa 



I ll Haibi. 
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Cm dry 
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(28) 



The equivalence of the two expressions given above can 
be easily established, see Appendix B. We shall prove 
our result for a given m, and drop the subscript on 
henceforth; the result for any linear combination follows 
immediately. 



S = Awm / dS C 



AD-2) 

-1 



(34) 



We simply note that the variation of the above expression 
must give equations of motion for the (m— I)*'' order LL 
term in [D — 2) dimensions. (The variation would also 
produce surface terms, which would not contribute when 
evaluated a.t X = Xh because the horizon is a compact 
surface with no boundary.) We have: 



5xS = —A-Km 



dS S'""^ 6x<JBC 



(35) 



where we have evaluated the variation on A = Xh- Noting 
that the lagrangian is 



-.{D-2) 
-m-1 



1 
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and using the first of Eqs. (28), we see that 
1 1 1 



F' 



?B 

^ 2 167r2('»-i)'''^ 
Therefore, we obtain 



(36) 



'^A^=^^XdS£:-^W (37) 

which is precisely the integral of the factor multiplying T 
in Eq. (33). As mentioned above, S defined in Eq. (34) 
is a function of A, and its derivative with respect to A is 
well defined and finite on the horizon. The expression for 
S, evaluated at A = Ajj, 



S {X = Xh) = 4:Trm [ dE C^^'^^^ 



(38) 



is what we shall interpret as the entropy of the hori- 
zon. (As mentioned before, S has no physical significance 
away from the horizon.) ^ 

Multiplying Eq. (33) by S^~^^y, integrating over the 
horizon surface, and taking the n — > limit, we now see 
that it can be written as 



T5xS 



- / dS £(^-2) SX = / dS tI SX 
Jh Jh ^ 



= / dE T^" SX 
Ih 



L 
L 



= / dS Pl ^A (39) 
Ih 

where we have used the field equations = (1/2)T| 

in the first equality, and the relation \h = E^ \h in 

the second equality. This equation now has the desired 
form of the first law of thermodynamics, provided: (i) 
We identify the quantity S, defined by Eq. (38) as the 
entropy of horizons in LL gravity; indeed, exactly the 
same expression for entropy has been obtained in the 
literature using independent methods, sec c.g, ref. [8]. (ii) 
We also identify the second term on LHS as S\E; this 
leads to the definition of E to be 



E : 



5X I dE 
Ih 



(40) 



where the A Xh limit must be taken after the integral 
is done (therefore, we need to know the detailed form of 



^ As an aside, wc would also like to point out the following fact; 
when D = 2m, that is, when the corresponding LL action is 
the Euler characteristic of the full Z?-dimensional manifold, then 
D — 2 = 2{m — 1), and we see from Eq. (38) that S is pro- 
portional to the Euler characteristic of the (D — 2)-dimensional 
horizon surface, determined by therefore, 5" is just a 

constant number. For example, the Gauss-Bonnet term (m = 2) 
in D = 4 will contribute a constant additive term to the standard 
Bekenstein-Hawking entropy. 



as a function of A to calculate this explicitly) . For 
D = 2(m-|- 1), the integral over H above is related to the 
Euler characteristic of the horizon, in which case E oc Ah 
(where wc have set the arbitrary integration constant to 
zero). For m ~ 2, D — 4, this reduces to the expression 
obtained earlier in the case of Einstein gravity. 

Let us briefly comment on the general form of E 
for spherically symmetric spacetimes for general LL la- 
grangians, with horizon at r = th, and X = r. In this 
case, ~ (l/A^)"* and y/a - X^-^. The integrand 

therefore scales as ^(^-2)-2m Integrating the RHS of 
Eq. (40), and taking the A — ^ Xh limit after integration, 
we see that E ~ A^"^^"^™"*"^. As mentioned above, for 
D = 2{m + l), E ^ Xh- In fact, in the case of spherically 
symmetric spacetimes in LL theory, the above; expression 
can be formally shown to be exactly equivalent to the one 
derived by others (see [3], and also Ref. [16] therein). 

As far as we are aware, no general expression for energy 
in LL theory exists in the literature, and ours could be 
thought of as first such definition which appears to be 
reasonable from physical point of view. The expression 
clearly deserves further investigation. 

Putting all this together, we see that, for generic static 
spacetimes in LL gravity, the field equations can be writ- 
ten as a thermodynamic identity: 



TSxS - dxE = FSX 



(41) 



thereby showing that the thermodynamic relations are 
far more general than Einstein field equations. 



V. SOME COMMENTS ON THE RESULT 

It must be emphasized that, in the above derivation, 
we had no choice whatsoever in the expressions for S 
and E. Once we have identified the work term, FSX, 
we must choose the factor multiplying T on the left 
hand side as S\S, and the remaining term as —5\E. 
Note that, the near- horizon structure implies P±y/a5X = 
—T^^''lay/a 5X, so that the work term is uniquely iden- 
tified. Hence the fact that the expressions obtained for 
S and E by this procedure match exactly with the known 
expressions for spherically symmetric horizons is non- 
trivial. In particular, the general expression for energy 
for arbitrary static spacetimes has a simple geometric ex- 
pression, and deserves further study. 

Finally, we would like to clarify the difference between 
the first law of thermodynamics as obtained above, and 
the usual first law of black hole mechanics. In the con- 
ventional case, one obtains the first law by varying the 
parameters in a specific solution to the field equations. 
Our result above shows that the field equations govern- 
ing the dynamics of gravity themselves have a thermody- 
namic structure, and can be uniquely (see the discussion 
in the preceding paragraph) written in the form of the 
first law of thermodynamics. In general, the first law we 
have obtained would be different from the conventional 
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first law of black hole mechanics, although, as described 
in section II, these match in the case of spherical sym- 
metry (the reason can be traced back to the fact that 
the transverse metric in spherical symmetry does not de- 
pend on the parameters in the metric). Because of the 
specific meaning we have attached to the differentials in 
the first law, the variations we are dealing with are best 
looked upon as arising due to virtual displacement of the 
horizon. 



VI. DISCUSSION 

It has been well known, for quite some time now, that 
the gravitational field equations near the horizon can 
be written as a thermodynamic identity; this fact has 
been demonstrated by a large number of specific exam- 
ples [2, 3]. Our present work can be considered as a 
formal proof of this intriguing connection between gravi- 
tational dynamics and horizon thermodynamics, for gen- 
eral, static spacetim,es. In the above analysis, we have 
only demonstrated that the t — n part of the field equa- 
tions can be so written. However, this is the only relevant 
part since the horizon is located at t = constant, n = 0; 
more formally, the observers who perceive the t = con- 
stant, n = surface as a horizon are those moving along 
the orbits of the Killing vector field generating the hori- 
zon. The statement we have proved is, in fact, that the 
relations 

E{n,n) \h = Eili) \h (42) 

E{li) = Inli) (43) 

with ^ ■ ^ = —1 = —n ■ fi, represent a thermodynamic 
identity. There would, of course, exist different class of 
observers with different horizons, and so long as the back- 
ground is static, the above statement must be true for 
all of thorn. Imposing this then leads to the full field 
equations, Eab = {l/2)Tab- Moreover, since we have re- 
lated the full gravitational field equations to the thermo- 
dynamics of horizons, this indicates an essentially holo- 
graphic nature of gravitational dynamics, with classical 
symmetries near the horizon, along with the first law of 
thermodynamics, governing the entire gravitational dy- 
namics [10]. In addition to obtaining the standard field 
equations, such an approach also leads to a quantisation 
condition on entropy [11] which reduces to quantisation 
of areas at the lowest order. Indeed, there is a much more 
formal and general way of obtaining the field equations of 
Lanczos-Lovelock gravity by taking the thermodynamic 
interpretation as a starting point, and using normals to 
null surfaces as the relevant degrees of freedom [12]. 

Recently, it was shown in [13] that for any diffeomor- 
phism invariant theory, the local thermodynamic rela- 
tion TdS = AE holds provided one interprets S as a 
suitable Noether current associated with diffeomorphism 



invariance, and defined off-shell] this is important since 
one must not use quantities defined on-shcU while try- 
ing to "derive" the field equations. The arguments pre- 
sented in [13] apply to any diffeomorphism invariant the- 
ory, whereas our result in this paper relies heavily on the 
near-horizon symmetries of the field tensor. Although 
a direct connection between the two is not immediately 
apparent (particularly, our expression for dE is different, 
and we have an additional PdV term in the first law), it 
would be interesting to see whether our arguments can 
be generalised to any diffeomorphism invariant theory, in 
the fight of the results in [13]. 

At a deeper level, these results suggest that it is neces- 
sary to abandon the usual picture of treating the metric 
as the fundamental dynamical degrees of freedom of the 
theory and treat [4] it as providing a coarse grained de- 
scription of the spacetime at macroscopic scales, some- 
what like the density of a solid — which has no mean- 
ing at atomic scales. The unknown, microscopic degrees 
of freedom of spacetime (which should bo analogous to 
the atoms in the case of solids), should normally play 
a role only when spacetime is probed at Planck scales 
(which would be analogous to the lattice spacing of a 
solid [15]). So we normally expect the microscopic struc- 
ture of spacetime to manifest itself only at Planck scales 
or near singularities of the classical theory. However, in 
a manner which is not fully understood, the horizons — 
which block information from certain classes of observers 
— link [16] certain aspects of microscopic physics with 
the bulk dynamics, just as thermodynamics can provide 
a link between statistical mechanics and (zero tompora- 
ture) dynamics of a solid. The reason is probably related 
to the fact that horizons lead to infinite redshift, which 
probes virtual high energy processes; it is, however, diffi- 
cult to establish this claim in mathematical terms. This 
aspect, as to why horizons act as window to microphysics 
of spacetime, is worth investigating further. 

Finally, we would like to mention two immediate pos- 
sible extensions of the proof given here: (i) stationary, 
non-static spacetimes, and (ii) time-dependent spacetimes 
with horizons. In the case of stationary, non-static hori- 
zons, one needs to have a clear notion of quantities such 
as normal pressure [since the intrinsic horizon geome- 
try is non-trivial]. However, it has been shown that the 
Einstein equations can indeed be expressed as a ther- 
modynamic identity in the specific case of Kerr-Newman 
black hole (see the last reference in [2]). Combining this 
with the general analysis in the second reference in [7], 
one expects an analogous result to exist for the station- 
ary, non-static case as well. For the time-dependent case, 
determining the near horizon form of the field equations 
itself would be more involved. Apart from this, there are 
certain conceptual issues such as the notion of tempera- 
ture, which must bo addressed. However, it must still bo 
possible to operationally define a temperature (at least in 
some quasi-static sense), and see how far the near hori- 
zon symmetries still conspire to give a thermodynamic 
structure to the field equations. 
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Plugging in the above expressions for the Riemann ten- 
sor, and finally taking the limit n ^ 0, we immediately 
obtain Eq. (14). (Note that, with the up-down compo- 
nents, Gi = Gl-) One can go further and analyze, in 

the same way, the remaining components of the Einstein 
tensor; the final result is [7] 



APPENDIX A: NEAR-HORIZON SYMMETRIES 
OF THE EINSTEIN TENSOR 

In this appendix, we briefly outline the proof of 
Eq. (14). We begin with the following expressions for 
the decomposition of the Riemann tensor for the metric 
(8) [see, for example, section 21.5 and Exercise 21.9 of 



R 



= 



fiup 



(Al) 



and 

^^^Rabcd = ^^^Rabcd — {KacKbd — KadKbc) 



^^^RnBCD = KaC-.B — Kab-.C 



(A2) 



EI\h 



where E9^\h = (IStt)" 




























(A8) 



gi\b. 



APPENDIX B: EQUIVALENCE OF THE TWO 
EXPRESSIONS IN EQS. (28) 



We need to prove the equality; 



"j"cidi...C,ndm ~ "ci" jdi...c„rf„ 

~ jcidi...Cmt 



pcidi . . . jy 



Cmd„ 



'R 



cidi 
ai&i 



■R" 



(Bl) 



Here, | and : are the covariant derivatives compatible 

with the induced metric on {t = constant} and {t = con- 
stant, n = constant} surfaces respectively, and Kab = 
— {l/2)dn(JAB is the extrinsic curvature of the {t = con- 
stant, n = constant} 2-surface as embedded in the {t = 
constant} surface. These expressions lead to 



R 



nA 
nB 



T3tA 

-n- tB 



AC 



AC 



[dnKcB - 
N..CB 



{K')bc\ 

KcBdnN 



N 



(A3) 



Using the relevant Taylor series expansions, we obtain 



d„tvK\„=o = --tr[c72] 
which gives, correct to 0{n^), 



R 



nA 
nA 



and 



^ CD 



itr[a2]=<^ 



^'^R^^j, + 0{n') 



(A4) 



(A5) 



which implies 



i?^/s= Rn+0{n'') 



(A6) 



Finally, we use the following general expression for the 
Einstein tensor (see, for example, [9], section 14.2, pp. 
344): 



R^nA + 2^ AB 



1 



,AB 



ntA , ^ jyAB 



AB 



(A7) 



This is most easily done by noting that the alternating 
tensor on the RHS of Eq. (Bl) can be written as a deter- 
minant: 



ciaibi 
"jcidi 



det 



5f 



rai6i. 



.Cm dm 



(B2) 



The first term on the LHS of Eq. (Bl) therefore comes 
from the multiplication of (5* with the lower right block 
of the above matrix. The remaining terms in the deter- 
minant can be grouped as 



H eai6i • 



■dk- 



^bm 

idk- 



dk'^jcidi---CkCk+i- 



(B3) 



where 1 < k < m. Since this whole determinant is multi- 
plied by the product of curvature tensors, only the piece 
antisymmetric in the pair {cfe, d^} will be picked up, pro- 
ducing a factor of 2 for each pair {ck,dk}- Further, each 
of the m such pairs contribute the same amount due to 
the symmetries of the alternating tensor and the curva- 
ture tensor. This gives another factor of m, so that the 
contribution of the remaining terms in the above deter- 
minant becomes equal to 2m times the contribution of 
any particular term, say the term corresponding to the 
pair {ci,di}. Noting the overall minus sign in (B3), we 
obtain the second term on the LHS of Eq. (Bl), thereby 
proving the desired result. 
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APPENDIX C: NEAR-HORIZON SYMMETRIES 
OF THE LANCZOS-LOVELOCK FIELD 
EQUATIONS 

One can do an analysis similar to that outlined in 
Appendix A and obtain the near-horizon syninietrics 
of the LL field equations. The full result, which we 
state without proof (the proof involves a bit of combina- 
torics), turns out to be the same as Eq. (A8) [14]. How- 
ever, in this Appendix, we shall only prove the identity 

= which is directly relevant for our purpose. 

Using the first equality in Eq. (28), it is easy to deduce 
the form of E^ (no summation over k). The alternating 
determinant simplifies upon using 6^ — 1, and the fact 
that none of the other indices can be k due to total anti- 
symmetry. Therefore, we are left with 



t, as 



(CI) 



E" 



-- {n, t} + Cm {n, 2t} + {n, t\\ (C2) 



The first set on the RHS contains terms like i?'^^ which 
are identically zero (see first of Eqs. (Al)), while the last 
set is the same as appears in E\. So we only have to 
prove that Cm 2f} = {Z, 2n}. The set £,„ {n, 2t\ 
will have two i's appearing either on different factors of 
R°'\^, which would again vanish identically for the same 
reason as the first set, or it can have the two i's appearing 
on the same factor, which would contribute 



£„j{n,2t} = 



4m X -^-^^'^-^-g- 

167r 2™ tU\...l^rniJ„ 



= Am X 



1 1 
T67r2^ 



rBi...A„B„ 
'Di...C„D„ 



rytDi 



■R 



A^B„ 



(C3) 



where {A;} denotes terms which do not contain k at 
all. We now specialise to = n. The RHS can be further 
split depending on the number of occurences of the index 



Using Eqs. (A3), we see that £m {n, 2t} = Cm {t, 2n} -|- 
0{n^). Therefore, E^ = El + ^(n^), and the equality 
holds on the horizon. 
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